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Abstract

Generating functions transform an infinite sequence into the coefficients of a power
series. It enables us to approach problem of sequence using the methods we have
for algebraic problems. Given any power series, we treat this power series as an
algebraic object where we have no concern in the convergence of the series. In this
paper, we shall develop a generalized technique for constructing the generating
functions of some algebraic functions, proper rational functions and binomial
functions (both positive and negative powers) using method of differentiation. Also,
we shall apply the techniques generalized in obtaining series expansion of some
functions.

Keywords: Taylor series, Power series, proper rational function, differentiable function and
Sequence of numbers

1.1 INTRODUCTION

In mathematics, the generating function technique provides a way of using a single function to
encode an infinite sequence of numbers by treating them as the coefficients of a formal power
series. Thus, this series is called the generating function of the sequence (Solomentsev, 2001).
However, generating function technique provides a natural and elegant ways of dealing with
sequence of numbers by associating a function of a continuous variable with a sequence. In this
way, generating functions provide a bridge between continuous and discrete mathematics. Unlike
an ordinary series, the formal power series is not required to converge (Haukkanen, 2019).
Abraham De Moivre was the first person who introduced generating functions in 1730 in order
to solve general problems of linear recurrence. James Stirling in 1730 then extended this theory
in his Methodus Differentialis by using integration and differentiation to solve the same
problems. However, Leonhard Paul Euler in 1747 began to extend their use to new field in
mathematics such as combinatorics. Also, in 1812, Pierre-Simon De Laplace took the technique
into the field of probability theory in his work “Théorie Analytique des Probabilités” (Vilenkin,
1969). Many other researchers after them have developed a lot techniques in generating
functions. One can generalize to formal power series in more than one indeterminate, to encode
information about infinite multi-dimensional arrays of numbers. Sometimes, we view generating
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function in the perspective of the formal power series (Flajolet, and Sedgewick, 2009). Thus,
questions of convergence may arise and analytic techniques would then come to play an
important role. The major idea of generating function is, instead of an infinite sequence of
numbers, we search for a single function which encodes the sequence of the numbers but not a
function that gives nth term as output. Rather, a function whose power series shows the terms of
the sequence. Generating functions are employed while solving many counting problems as
questions about the convergence of these series are ignored (Michaels, 2013 and Comtet, 1974).

There are many types of generating functions which include exponential generating functions,
ordinary generating functions, Bell Series, Dirichlet series and Lambert series. They are used to
find statistical properties, average, recurrence formulas, prove identities and determine features
of sequence. Every sequence has a generating function of each type but the way they are handled
varies except Dirichlet and Lambert series which requires its indices to start with one rather than
zero. Generating functions are not functions in the formal sense of mapping from domain to co-
domain. Sometimes, generating functions are called generating series because the terms of the
series can be said to be the generator of its sequence of term coefficients (Lando, 2003).
Sometimes, we express generating functions in a closed form instead of as a series (Comtet,
1974).

In this paper, we shall develop a generalized technique for constructing the generating functions
of some algebraic functions, proper rational functions and binomial functions (both positive and
negative powers) using method of differentiation. Also, we shall apply the techniques
generalized in obtaining series expansion of some functions.

2.1 BASIC DEFINITIONS
2.1.1 SEQUENCE AND SERIES

A sequence of numbers is the collection of numbers a4, a,, as, ... ,a,, ... which is written in
order. Here, a, is called the first term, a, the second term, a5 the third term, ... , a,, the nth term,
.... Sometimes, there is a recursive relationship between a term and the succeeding or preceding
terms. A series is then the infinite sum of the terms of a sequence (Obiajulu and Ubaoji, 2017)

2.1.2 POWER SERIES

A power series is an infinite series of the form

(0]
n _— 2 3
Zanx =ay+ax+ax*+azx” + -

n=0

Where n is positive integer and a,, is the coefficient of x™. Power series can also be defined
in combinatorics as generating functions (Stroud and Dexter, 2007; Wilf, 1994)

2.1.3 CONVERGENT SERIES
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Let s = Xxs0 ax be a series. The sequence {S,} given by S,, = Yi—, a, is called the sequence
of the partial sum of the series. A series s converges if and only if the sequence {S,,} of partial
sum of the series converges. In other words, a series converges if the limit of the series exist

(Gessel, 2013; Stroud and Dexter, 2007)

2.1.4 ORDINARY GENERATING FUNCTIONS

It is a generating function which is of the form

n=0

Where f,, is the constant coefficient of the series (Skoch, 2015; Stroud and Dexter, 2007)
2.1.5 EXPONENTIAL GENERATING FUNCTION

Exponential generating function of the sequence {f,,},.=o IS any formal power series that is of the

form
B =) furr

n=0

Where B(x) is the exponential generating function of fy, f1, f2, f3, fa, ... (Stroud and Dexter,
2007)

2.1.6 COMBINATORICS
It is a mathematical area that deals with problems of arrangement, selection and operations

within a finite set in accordance with some constraints (Prasanna, 2006 and Wilf, 1994).

2.1.7 GENERATING FUNCTION OF A GEOMETRIC SEQUENCE

Given any geometric sequence a™, its generating function is

— 1
J— nn=
g(")_za" 1—ax
n=0
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(Stroud and Dexter, 2007).

2.1.8 RATIONAL FUNCTION

Let p(x) and q(x) be polynomials in a variable x. P&X) s called a rational function in

q(x)
x provided that q(x) # 0 since division by zero is not defined. Thus, % is defined only for
values of x where q(x) # 0. If the degree of p(x) is less than the degree of g(x),then the

rational function is called a proper rational function (Obiajulu & Ubaoji, 2017).

2.1.9 DIFFERENTIABLE FUNCTION

A function f(x) is said to be differentiable at x if

x+Ax) — f(x
f'x) = Alim I )~ /() exists (Obiajulu & Ubaoji, 2017).
X—

0 Ax
3.1 IMPORTANT THEOREMS
3.1.1 TAYLOR SERIES THEOREM

The Taylor series of complex or real valued function f(x) which is infinitely differentiable at
complex or real number a is the power series

n!a) (x=a)”

£ =f(a)+}%!a)(x—a)+%(x—a)2+¥(x_a)3+...=zf (
n=0

Where f™(a) is the nth derivative of f at x = a. When a = 0 in the Taylor series, the series

can also be called Maclaurin series (Stroud and Dexter, 2007)

3.1.2 NEWTON’S BINOMIAL THEOREM

The binomial theorem deals with the expansion of any expression of this kind (m + n)P. It states
that for any non-negative integer p, we have

p

(m+n)P = Z (p) m'nP~"
r
r=0
Where (P) = P'__js the coefficient of the binomials (Stroud and Dexter, 2007 and Prasanna,

(p—r)ir!
2006).
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3.1.3 THEORREM

For any positive integers n and r, we have

) =cor(” e 1) P 2006
- = (-1 . (Prasanna, )
3.1.4 AUTOMATIC GENERATOR FOR GENERATING FUNCTIONS OF ALGEBRAIC

FUNCTIONS

For the function

f(x) =1—;‘rx forr >0,

its generating function is

gx) = az rkxk

k=0

3.1.5 AUTOMATIC GENERATOR FOR GENERATING FUNCTIONS OF PROPER

RATIONAL FUNCTIONS

For the function

f&) =

a
m forb>0andm>0,

its generating function is

T

r=0

3.1.6 AUTOMATIC GENERATOR FOR GENERATING FUNCTIONS OF BINOMIAL

FUNCTION (BOTH POSITIVE AND NEGATIVE POWERYS)

If a function f(x) = c(a + bx)™, then its generating function is
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(N m
M—=71 1,7 ,.T. ’
cZ(r)a b"x"; ifb>0m>0
r=0
m
m
cz (") vramrarsr; ifb=—-d<0,m>0
glx) =4 r=0°
-m—-1+r )
c ( )(—1)ra_(m+r)brxr; if b>0,m<0
r=0 r
-m—1+7r
c ( . ) a~ M) gryr. if b=—d<0,m<0
\ =0

4.1 SPECIAL CASE OF OUR RESEARCH RESULTS
RESEARCH RESULT 4.1.1: Develop a generalized technique for constructing the

generating functions of algebraic function

a

fx) =

1—-rx
Solution

a

fe) =1+

=a(l—-rx)?!
Using differentiation technique, we have
f'(x) =ar(1—rx)"?
f"(x) =2lar?(1 —rx)"3

f"(x)=3'ar3(1—rx)™*

E(x) = klar¥(1 — rx)=*+D
If x =0, we have
fk0) = klark

Now, make ar* the subject of formula and apply the notion of generating functions, we have
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gx) = f—k(l )xk = Z—k' xk = Zar"xk = aZr"x"

k=0 k=0 k=0 k=0

Thus, the generalized technique for obtaining the generating functions of algebraic function

a

fGx) =

1—1rx

gx) = az rkxk

k=0

EXAMPLE 4.11.1

Obtain the series expansion of the function

1
fo =1

Solution
We compare the function f(x) = ﬁ with ﬁ , we have

1 a

= . H =1 =1
it ere,a and r

Thus, using our generalized technique for obtaining the generating functions of algebraic

function, we have
gx) = az rkxk

k=0

ag(x) = 1[1%°% + 11xt + 1222 + 1323 + 1%x* + -+ ]
gx)=1+x+x2+x3+x*+ -

Thus, the seriesis g(x) = 1+ x +x% +x3 + x* + -

Example 4.1.1. 2

WWW.Cjps.coou.edu.ng Page | 19



http://www.cjps.coou.edu.ng/

=

~J COOU Journal of Physical Sciences 7 (1), 2024
CJPS

Find the series expansion of the function

fO) =13

Solution
We compare the function f(x) = % with ﬁ , we have

3 a

1—3x=1—rx' Here,a=3andr =3

Thus, using our generalized technique for obtaining the generating functions of algebraic

function, we have
gx) = az rkxk

k=0
2 g(x) = 3(1+3x+9x% + 27x% + 81x* + )
=3+ 9x + 27x% + 81x3 4+ 243x* + -
Thus, the series is g(x) = 3 + 9x + 27x2 + 81x3 + 243x* + ---
EXAMPLE 4.1.1.3

Obtain the series expansion of the function

4x
1—-5x

f&) =

Solution
4x - a
We compare f(x) = o with o we have

4x _a
1—5x 1—rx

{Here,a = 4x and r = 5}

Thus, using our generalized technique for obtaining the generating functions of algebraic
function, we have
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gx) = az rkxk

k=0
wg(x) = 4x[5%° + 5t + 52x2 + 53x3 + 5%x* + .- ]
g(x) = 4x[1 4 5x + 25x2 4+ 125x3 + 625x* + -+ ]
g(x) = 4x + 20x% + 100x3 + 500x* + 2500x° + ---
Thus, the series is g(x) = 4x + 20x? + 100x3 + 500x* + 2500x° + -
EXAMPLE 4.1.14

Find the coefficient of x° in the expansion of the function

2
1—4x

fx) =
Solution
We compare the function f(x) = ﬁ with —— and we have

2 a

= . H =2 =4
T ax - 1% ere,a and r

Thus, using our generalized technique for obtaining the generating functions of algebraic

function, we have
gx) = az rkxk

k=0
2 g(x) = 2(4%0 + 41x1 + 42x2 + 43x3 + 4%x* + 45x5 + 45x0 + --)
g(x) = 2(1 + 4x + 16x?% + 64x3 + 256x* + 1024x> + 4096x° + --+)
g(x) =2+ 8x + 32x2% + 128x3 + 512x* + 2048x> + 8192x° + -
From the series above, we can see that the coefficient of x° is 8192
RESEARCH RESULT 4.1.2: Develop a generalized technique for constructing the

generating functions of proper rational functions
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a
1= G b
Solution
Fx) = ﬁ = a1 — bx)™™

Using differentiation method, we have
f'(x) = amb(1 — bx)~(m+1)
" (x) = amb?(m + 1)(1 — bx)~(M+2)

flll(x) = amb3(m + 1)(7’)’1 + 2)(1 — bx)—(m+3)

fr(x) =amb"(m+ 1)(m + 2)(m + 3) ... (1 — bx)~(m+7)
ff(0)=amb™(m+ 1)(m+2)(m+ 3) ...
Transforming the above illustration into the notion of generating functions, we have

R

r=0

Thus, the generalized technique for obtaining the generating functions of proper rational function

a

fx) = a—bom

R

r=0

EXAMPLE 4.1.2.1

Find the series expansion of the function
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1

f(x)=m

Solution

we have

: 1 ; a
We compare the function f(x) = e with oo™
1 a

= . H =1,b=1 =2
A—x2_ (1=bo" ere,a ,b and m

Thus, using our generalized technique for obtaining the generating functions of proper rational

function, we have
m—14+r
9 =0y ("7} o

=0

2—14+0 2—1+1 2—1+2
sg&)=1( 0 )ﬂ%°+1< 1 )Px1+1( ) )sz

2—-1+3
3
g(x) =1+ 2x + 3x% 4+ 4x3 + -
Thus, the series is g(x) = 1 + 2x + 3x? + 4x3 + ---
EXAMPLE 4.1.2.2

Find the series expansion of the function

2
Solution
. 2 . a
Compare the function f(x) = FETD with aoomm e have

2 a

= . Here,a=2,b=3andm=4
(1_3x)4_ (1—bx)m ere,a anda m

Thus, using our generalized technique for obtaining the generating functions of proper rational
function, we have
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=2 (T ea (T aata( ) e
4—-1+3
2( )3x+

3 4 5
— 0,.0 1,1 2.2 3.3
g(x)—Z(O)S X +2(1)3 X +2<2>3 X +2(3)3 x° +
g(x) =2(1)3%°% + 2(4)3*x! + 2(10)3%x2 + 2(20)33x3 +

g(x) =2 + 24x + 180x% + 1080x3 + ---

Thus, the series is g(x) = 2 + 24x + 180x? + 1080x3 +

Example 4.1.2.3

Find the series expansion of the function
3x

f(x):(1——4x)5

Solution
we have

a
with Tl

We compare f(x) = (1 0 )5
3x a
f(x) = =205~ d—bom {Here,a = 3x,b = 4and m = 5}

Thus, using our generalized technique for obtaining the generating functions of proper rational

s0-e3 ("1

function, we have

r=0
5—-1+4+0 5—-1+1 5—-1+2 5—-1+3
ag(x) = 3x [( 0 )4°x0+( L )41x1 +< ) )42x2 +< 3 )43x3

5-1+4
+ (07,7 a4 ]

g(x) =3x [(3) 4050 + (i) 4151 + (2) 4%x% + (;) 43x3 + (4) 44x% 4 .. ]

Page | 24

WWW.cjps.coou.edu.ng



http://www.cjps.coou.edu.ng/

~J COOU Journal of Physical Sciences 7 (1), 2024
CJPS

g(x) = 3x[1 + 5(4x) + 15(16x?) + 35(64x3) + 70(256x%) + -]
g(x) = 3x[1 + 20x + 240x? + 2240x3 + 17920x* + ---]
g(x) = 3x + 60x2 4+ 720x3 + 6720x* + 53760x° + -
Thus, the series is g(x) = 3x + 60x* + 720x3 + 6720x* + 53760x> + -+
EXAMPLE 4.1.2.4

Find the series expansion of the function

1+x
==
Solution
1+x . a
We compare f(x) = FEE with o o Ve have
1+x a
flx) = {Here,a = (1+x),b =1and m = 3}

1-x3 (1-bx)m

Thus, using our generalized technique for obtaining the generating functions of proper rational

function, we have
—1+4r
s =ay (" Ve

r=0

3—1+0 3—1+1 3—1+2
cg)=0+x) [( ) )1°x°+< )11x1+< ) >1zx2

1
3—-1+3
+( 3 >13x +]

g(x)==(14-x)[(3)1°x°4—(?)11x14—<;)12x24—(2)13x3.+.n]
g(x) = (1 +x)[1+3x +6x%+10x3 + -]
g(x) =1+ 4x +9x% + 16x3 + -
Thus, the series is g(x) = 1+ 4x + 9x? + 16x3 + -

EXAMPLE 4.1.2.5
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Find the coefficient of x> in the expansion of the function

3
909" =57
Solution.
. 3 f a
We compare the function f(x) = e with oo e have

3 a
(1—5x)2:(1_bx)m' Here,a=3,b=5and m = 2

Thus, using our generalized technique for obtaining the generating functions of proper rational

function, we have
-1+
=0 (") Yo

r=0
2—1+4+0 2—1+1 2—1+2
s g(x) =3( 0 )5°x°+3< 1 )51x1+3( ) >52x2
2—1+4+3 2—1+4 2—1+5
+3( 3 )53x3+3( 4 )54‘x4+3< s )55x5+---

gx) =3 (3) 5%%° + 3 (i) 51x1 +3 (;) 52x2 + 3 (:) 53x3+3 (i) 5%x* + 3 (g) 55x5 + -
=3+ 30x + 225x% + 1500x3 + 9375x* + 56250x> + -

From the series above, we can see that the coefficient of x> is 56250.

RESEARCH RESULT 4.1.3: Develop a generalized technique for constructing the

generating functions of binomial function with positive power

f(x) =a(b+cx)™
Solution

fx) =alb+cx)™
Using differentiation method, we have

f'(x) = mac(b + cx)™ 1
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f"(x) = m(m — Dac?(b + cx)™ 2

f"(x) =m(@m—-2)(m—1ac3(b + cx)™3

fO(x) = my, ac” (b + cx)™"; £™(0) = my, ac"b™"

Transforming the above illustration into the notion of generating functions, we have

£ (0)acTb™ " ' m
g(x)zzf © ' xr=a2( )bm‘rcrxr
r=0 r r=0 r

Thus, the generalized technique for obtaining the generating functions of binomial function with

positive power

fx) =alb+cx)™

m

glx) = az (T) b T x"

r=0

EXAMPLE 4.1.3.1

Obtain the expansion of the function
f(x) =302+ 4x)°
Solution

Using our generalized technique, we compare the function f(x) = 3(2 + 4x)° with a(b +
cx)™, we have

f(x) =32 +4x)>=a(b+cx)™ {Here,a=3,b=2,c=4andm =75}

Thus, using our generalized technique for obtaining the generating functions of binomial
function with positive power, we have
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m

glx) = az (T:) bm T x"

=0
@ g(x) =3 [((5)) 25-040,0 4 (i) 25-141,1 4 (2) 25-24252 4 (;) 25-34343 4 (Z) 25—4 44,4
Qe
g(x) =3[1(32) + 5(16)4x + 10(8)16x% + 10(4)64x3 + 5(2)256x* + 1(1)1024x°]
g(x) = 3[32 + 320x + 1280x2 + 2560x> + 2560x* + 1024x°]
g(x) =96 + 960x + 3840x2 + 7680x3 + 7680x* + 3072x>
Thus, the expansion of f(x) = 3(2 + 4x)% is
g(x) =96 + 960x + 3840x2 + 7680x3 + 7680x* + 3072x°>

RESEARCH RESULT 4.1.4: Develop a generalized technique for constructing the

generating functions of binomial function with negative power

fxX)=ab+cx)™

Solution
fx) =a(+cx)™
Using differentiation method, we have
f'(x) = —mac(b + cx) ™™ ! = —mac(b + cx)" ™D
f"(x) = m(m + 1ac?(b + cx)~m+2)
(%) = —m(m + 2)(m + Dac3(b + cx)~+3)

f¥(x) =m(m+3)(m + 2)(m + Dac*(b + cx)~ ™+

fOx) = (=1)™my ac™(b + cx)~™; f1(0) = (—1)"m, ac"h~ ™+
Transforming the above illustration into the notion of generating functions, we have
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g(x) = Zf(r)(o) (=1 ac”p~m+") e az (—m -1+ r> (1) p-mn) g

r! T
r=0 r=0

Thus, the generalized technique for obtaining the generating functions of binomial function with

negative power

f)=ab+cx)™

r=0

EXAMPLE 4.14.1

Find the series expansion of the function
fx)=2(1-3x)"*
Solution

Using our generalized technique for obtaining generating functions of binomial function with
negative power, we have

9@ = az (_m _7‘1 ' T) (_1)rb_(m+r)crxr

r=0

To test the efficiency of the above generalized technique, we compare f(x) = 2(1 —3x)™*
with a(b + cx)™, we have

20 -3x)"*= a(b+cx)™

Here,a=2,b=1,c=-3and m = —4
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g(x) =2 [(_(_4)0_ 1+ O) (_1)0(1)—(—4—+O) (_3)0x0
—(=4) -1+

(O
N (—(—4) 1+

BICINORERIeORS
2) (_1)2 (1)—(—4+2)(_3)2x2

N (_(_4)3_ 1+ 3) (—1)3(1)~ 42 (=3)2x3 + ]

gx) =2 [(3) (3% + (1) ey + (3) D237 4 () (3
+ ]
g(x) = 2[1+ 4(=1)(=3)x + 10(=1)9x* + 20(=1)(=27)x> + ---]
g(x) = 2[1 + 12x + 90x? + 540x3 + ---]
g(x) = 2 + 24x + 180x2 + 1080x3 + ---

Thus, the series is g(x) = 2 + 24x + 180x? + 1080x3 + ---

5.1 CONCLUSION

Generating function plays an important role in the analysis of discrete problems in mathematics
with function. Its beauty can be appreciated because it can be used to manipulate many
complicated mathematical problems with very little effort as question about convergence are
considered a non-issue. In this study, we developed generalized techniques for constructing the
generating functions of some algebraic functions, proper rational functions and binomial
functions (both positive and negative powers) using method of differentiation. Also, we applied
the techniques generalized in obtaining series expansion of some functions.

6.1 RECOMMENDATION

Further research should be done on generating function so that it can be used to manipulate
mathematical problems in Fourier series and Laurent series.

REFERENCES

Comtet, L. (1974). Advanced Combinatorics. D. Reidel Publishing Company, Dordrecht, the
Neitherland.

Flajolet, P. and Sedgewick, R. (2009). Analytic Combinatotics. Cambridge University Press,
Cambridge, UK.

WWW.Cjps.coou.edu.ng Page | 30



http://www.cjps.coou.edu.ng/

=

~J COOU Journal of Physical Sciences 7 (1), 2024
CJPS

Gessel,1.M. (2013). Generalized rook polynomials and orthogonal polynomials, g-series and
partitions (Dennis Stanton, ed.), IMA volumes in Mathematics and its applications,
Springer Verlag, New York, PP. 159-176.

Haukkanen, P. (2019). Formal power series in several variables. International journal of physical
sciences 2019. Vol. 25. Pp. 44 — 57.

Lando, S. K. (2003). Lectures on generating functions. American Mathematical Society,
Providence, R.I, U.S.A.

Michaels, J. G. (2013). Arrangement with forbidden Positions. Discrete Mathematics and its
applications (PP. 158 — 171). Department of Mathematics, State University of New York.

Obiajulu E. F & Ubaoji K. I, (2017). Introductory A-Level Mathematics for Joint University
Preliminary Examinations Board (JUPEB). LAP LAMBERT Academic Publishing
Lagos, Nigeria

Prasanna, S. (2006). Probability and Mathematical Statistics. Department of Mathematics,
University of Louisville, Louisville USA. University Publishing Press, Louisville.

Skoch, S. R. (2015). I Don’t Play Chess: A study of chess piece Generating Polynomial. Senior
Independent Study Thesis, (P. paper 6559).

Solomentsev, E.D. (2001). History of Power Series. Mathematics. Encyclopedia of
Mathematics. https://en.wikipedia.org/wiki/Power_series

Stroud, K. A and Dexter, J. B. (2007). Engineering Mathematics Sixth Edition. Published by
Palgrave Macmillian.

Vilenkin, N.Y. (1969). Combinatorics (Kombinatorika). Moscow (In Russian): Nauka
Publishers.

Wilf, H. S. (1994). Generatingfunctionology. Acdemic Press Publishers, Cambridge, USA.

WWW.Cjps.coou.edu.ng Page | 31



http://www.cjps.coou.edu.ng/
https://en.wikipedia.org/wiki/Encyclopedia_of_Mathematics
https://en.wikipedia.org/wiki/Encyclopedia_of_Mathematics

