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Abstract

Generating functions provide a bridge between continuous and discrete
mathematics. We use generating functions to obtain recursive sequences and turn
them into closed form function. This allows us to solve many complicated counting
problems with very little effort. In this paper, we shall develop generalized
techniques for constructing the generating functions of sequences of the form
fns1=2(fn +mF) forallm >0,k >0and f, =0 using method of
differencing in generating function. Also, we shall apply the technique of
generating functions in solving some important problems of recurrence relations.

Keywords: Sequence, polynomial function, differencing in generating function, ordinary
generating function and exponential generating function.

1.1 INTRODUCTION

Generating functions are widely used and can be regarded as among the powerful tools of
mathematical analysis, combinatorics, statistics etc. The approach of generating function is easily
used for tackling combinatorial problems. Some of the earliest researchers who applied the
approach of generating functions to solve recurrence problems include Abraham De Moivre in
1730 and Leonhard Paul Euler in 1747, they extended generating functions’ approach by
applying it to solve general problems of linear recurrence, partition problems and its equivalents
(Stillwell, 2010). Many researchers such as Michael, 2022; Sergio, 2021; Ritu, 2020; Peter,
2019; Stanley, 2012; Flajolet and Sedgewick, 2009; Egorychev, 2008; Lando, 2003; Wilf, 1994;
Riiordan, 1980; Comtet, 1974 and a lot of others have made valuable contributions to the
development of the generating functions’ approach and its applications (Vuk and Nicola, 2022).

Furthermore, generating functions are the main ways of explaining polynomials without any
difficulties. Polynomials serve as the elementary mathematical objects which can be applied in
various fields of applied and pure mathematics (Hari, 2022). With regards to this, Generating
functions permit us to solve problems of sequence with the method we used while solving
problems in algebra. Thus, when given power series to handle, we treat the power series in
algebraic way where we have no concern whether the series converges or not (Dan and Mark,
2019; Flajolet, and Sedgewick, 2009). Generating functions provide a bridge between continuous
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and discrete mathematics. This allows us to solve many complicated counting problems with
very little effort.

In this paper, we shall develop generalized techniques for constructing the generating functions
of sequences of the form f,,,.1 = 2(f,,, + m*) for allm > 0,k > 0 and f, = 0 using method
of differencing in generating function. Also, we shall apply the technique of generating functions
in solving problems of recurrence relations.

2.1 BASIC DEFINITIONS

2.1.1 SEQUENCE AND SERIES

A sequence of numbers is the collection of numbers a4, a,, as, ... ,a,, ... which is written in
order. Here, a, is called the first term, a, the second term, a5 the third term, ... , a,, the nth term,
.... Sometimes, there is a recursive relationship between a term and the succeeding or preceding
terms. A series is then the infinite sum of the terms of a sequence (Obiajulu and Ubaoji, 2017).
2.1.2 POWER SERIES

A power series is an infinite series of the form

co
n — 2 3
Zanx =ag+ax +ax*+azx” + -

n=0

Where n is positive integer and a,, is the coefficient of x™. Power series can also be defined
in combinatorics as generating functions (Amartya, 2022; Stroud and Dexter, 2007; Wilf, 1994)

2.1.3 CONVERGENT SERIES

Let 8 = Y r»0 @ be a series. The sequence {S,,} given by S,, = Yr—, a, i called the sequence
of the partial sum of the series. A series s converges if and only if the sequence {S,,} of partial
sum of the series converges. In other words, a series converges if the limit of the series exist

(Amartya, 2022; Gessel, 2013; Stroud and Dexter, 2007)

2.1.4 ORDINARY GENERATING FUNCTIONS

It is a generating function of the form

BGO = D fux™ = fo + fix + 27 + 2.1)
n=0
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Where f,, is the coefficient of the series (Skoch, 2015; Stroud and Dexter, 2007)
2.1.5 EXPONENTIAL GENERATING FUNCTION

Exponential generating function of the sequence {f,,}..»o is any formal power series that is of the

form
B =) fu

n=0

Where B(x) is the exponential generating function of fy, f1, f2, f3, fa, ... (Stroud and Dexter,
2007)

2.1.6 COMBINATORICS
It is a mathematical area that deals with problems of arrangement, selection and operations
within a finite set in accordance with some constraints (Weisstein, 2017 and Wilf, 1994).

2.1.7 NATURAL NUMBERS “N”

Natural numbers 1, 2, 3, 4, ... are positive or non-negative integers. They can also be regarded as
counting members of a set. The set of natural numbers is closed under the operations of

multiplication and addition (Stroud and Dexter, 2007).
2.1.8 CLOSED FORM

In constructing generating functions, it is interesting to determine if the generating function has a
closed form expression or an expression for the coefficient of the general term. Thus, the

expression

glx) = Z ax™ is not in a closed form whereas,

n=0

glx) = ﬁ an equivalent expression to some extent, is a closed form (Weisstein, 2017).
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2.1.9 DIFFERENCING IN GENERATING FUNCTION

Generating functions can be gotten using the method of multiplication (by x or constant),
addition, substitution and differentiation. To use each of these, one must know how to transform
the sequence into any sequence of choice. One thing we always considered is the sequence of
differences between terms of a sequence. This as well will turn out to be helpful in finding the
generating functions. Thus, the sequence of differencing is often simpler than the original
sequence. Thus, if we know a generating function for the differences, we would like to use this to
find generating function for the original sequence. For example; given 1, 3, 5,7, 9, ..., we can

use differencing to obtain the generating functions as follows;
Let g(x) = A=1+3x+5x?+7x3 +9x* + -
— xA=0+x+3x%+5x3+ 7x* +9x° + -

Al —x) =1+ 2x + 2x% + 2x3 + 2x* + -

A(l—x)=1+( 2 )

1—x

14+ x
A=g(x)=m

The method of differencing in generating function is, in any given infinite sequence of numbers,
it searches for a single function to encode the infinite sequence of numbers (Lando, 2003).
2.1.10 POLYNOMIAL FUNCTION

A polynomial function in x is a function which contains only a finite number of positive integer
powers of x, usually arranged in the order of ascending or descending powers. The degree of a

Polynomial is the highest power of the variable occurring in the function; for instance f(x) =
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5x* + 7x3 + 2x? + 3x + 1 is a 4th degree polynomial. Thus, the general form of a polynomial
function can be seen in the form of power series like f(x) = Y=o fin x™ provided that there

exist ny € N such that f,,, = 0 for all m > n,, (Stroud and Dexter, 2007)

3.1 IMPORTANT THEOREMS

3.1.1 THEOREM OF GENERATING FUNCTION

Let the generating function G be given by

xn
G(x) = Z In ot where g,is the nth fibonacci number.

nz=0

Show that the differential equation G (x) = G'(x) + G(x) is satisfied

Proof
XM
6() =) g
n=0
G’(x) = Z zaxgn zgn zgn zgn
n=0 n=0
X"
= Z In+1 F
n=0

Now, G(x) is the exponential generating function for go, 94,92, ... G'(x) is the exponential
generating function for the adjusted sequence g,, g, gs, ... Following the same approach, we
confirm that G"'(x) is the exponential generating function for the sequence g, g3 g, ... Thus, the

illustration above is where exponential generating function has the most distinguishing features.
Now, Using g,4+2 = gn+1 + gn as corresponding Fibonacci recurrence, we have
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G"(x) = ng Z(gn+1 + gn)— Z gn+1 Zgn i =G6'(x) +G(x)

nz0 nz0 nz0 n=0
Therefore, G"'(x) = G'(x) + G(x) proved.
3.1.2 WILF’S METHOD OF FINDING GENERATING FUNCTION
The Wilf’s method of finding generating functions are as follows:

1. Define the generating function as we demonstrated in equation 2.1.

2. Multiply the recurrence relation of both sides by x™ and sum over n for which the
recurrence holds.

3. Express explicitly the resulting equation of both sides in terms of the generating function
B(x)

4. Solve the resulting equation for the unknown generating function B (x)

5. If you want an exact formula for the sequence that is defined by the given recurrence
relation, then expand B(x) into a power series using any method of your choice (Wilf,

1994).
3.1.3 EULER’S NUMBER TRIANGLE

The numbers were developed by Leonhard Euler in 1755. The Eulerian triangle numbers can
also be called Euler’s triangle. It is the coefficient of the Euler’s polynomials. The number of
permutations of {1, 2, 3,4, 5, ... k} with n ascents is called the Eulerian numbers and its formula

is

Clk,n) = C‘l} _ z(—ni (k Jlr 1) m+1-0F 3.1
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For example,

C(4,2) = i(—ni (41,L 1) 2+1-0)*
i=0

=(—1)°(g)(2+1—0)4+(—1)1( )(2+1—1)4+(—1)2( )(2+1—2)4

=(MHOA*+ HE@ + MHANM*
=81-80+10 =11

The polynomials of Euler popularly called Eulerian polynomials can be presented in the form of

generating function of powers

Thus, the Euler’s number triangle is shown in the table below

- xCq(x)
R

d
Where Cy(x) = z C(d, k)x* ford =0
k=0

Table 3.1
k\n |0 1 2 3 4 8
0 1
1 1
2 1 1
3 1 4 1
4 1 11 11 1
5 1 26 66 26 1
6 1 57 302 302 57
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7 1 120 1191 2416 1191 120 1
8 1 247 4293 15619 | 15619 | 4293 247 1
9 1 502 14608 | 88234 | 156190 | 88234 | 14608 | 502 1

The recursion rule is stated in (3.1) above and €(0,0) = 1. The empty squares or cells outside

the triangle are regarded as zero value (Weisstein, 2017).

4.1 SPECIAL CASE OF OUR RESEARCH RESULTS
411 DEVELOP GENERALIZED TECHNIQUES FOR CONSTRUCTING THE
GENERATING FUNCTIONS OF THE SEQUENCES OF THE FORM fomi1 = 2(fm +

m*) forallm=0,k>0and fo =0
We started developing the generating functions of the sequences of the form
fine1 = 2(fn + m*) forallm =0,k > 0and f, =0
by considering the following sequences;
1 fne1= 2(fn+m) forallm=0and f, =0
The sequence of fm+1 = 2(fm + m) = (0,2,8,22,52,...)
Therefore, the generating function of the sequence

fns1 = 2(fn +m) = (0,2,8,22,52,...) is

G0 = ) frrax™ = Y (0,2822,52, . )"
m=0 m=0

g1(x) = 2x + 8x% + 22x3 + 52x* + ---
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Using method of differencing in generating function to get its close form, we have
g1(x) = 2x + 8x% + 22x3 + 52x* + -
- xg;(x) = 2x% +8x3 + 22x* + -+
g1()[1 —x] = 2x + 6x% + 14x3 + 30x* + -+
g1)[1—x] =2(x +3x% + 7x3 + 15x* + ) (4.1)
Let A= x+3x?+ 7x3 + 15x* + -
- xA = x? + 3x3 + 7x* + -

A[1l — x] = x + 2x? + 4x3 + 8x* + -

A[l—X]:(l_x—zx)

A= X
T (1-2x)(1-x)

X
Substitute A = d—20(1-2%) in (4.1),we have

x 2x
91(0)[1 —x] =2 ((1 —2x)(1— x)) N (1-2x)(1—-x)

2x
(1—-2x)(1 —x)?

~ g1 (x) =

Thus, the generating function for f,,,,1 = 2(f;, + m) forallm = 0and f, =0 is

2x
1-2x)(1—x)?

g1(x) = (

2. fms1= 2(fn+m?) forallm=0and fy =0
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The sequence of fmi1 = 2(fn + m?) = (0,2,12,42,116, ...)
Therefore, the generating function of the sequence

fm+1 = 2(fm + m?) =(0,2,12,42,116,...) is

920 = D fax™ = Y (021242116, )x™
m=0 m=0

g2(x) = 2x + 12x? + 42x3 + 116x* + -
Using method of differencing in generating function to get its close form, we have
g (%) = 2x + 12x2 + 42x3 + 116x* + -
- xgy(x) = 2x% +12x3 + 42x* + -+
92()[1 — x] = 2x + 10x? + 30x3 + 74x* + ---
g2()[1—x] = 2(x + 5x% + 15x3 + 37x* + -++) (4.2)
Let A =x+ 5x? + 15x3 + 37x* + ---
- xA = x? + 5x3 + 15x* + -
Al —x] = x + 4x? + 10x3 + 22x* + - (4.3)
Let B = x + 4x? + 10x3 + 22x* + -+
- xB = x? + 4x3 + 10x* + -+
B[1—x] = x + 3x? + 6x3 + 12x* + ---

3x2 x(1—2x)+3x* x—2x>+3x> x*+x
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B x%+x
C(1-2x)(1-x)

Substitute B = Xt x in (4.3) h
uopstitute _(1—236)(1—36) n D), we nave
AT —x] = x% +x
=020 -x
X% +x
~ A

T 1 -201-x)2

, x?+x ,
Substitue A = A= 200 —x)? in (4.2),we have

. _, x? +x 2%+ 2x(x+ 1)

921 = x| = <(1 —2x)(1 - x)2> T d-200-22 (1-201—x)?
2x(x + 1)

(1-2x)(1—x)3

~ go(x) =

Thus, the generating function for f,,,1 = 2(f;, + m?) forallm >0and f, =0 s

2x(x+ 1)
(1—-2x)(1—x)3

g2(x) =

3. fns1= 2(fn+m3) forallm=0and f, =0
The sequence of fmi1 = 2(fm + m3) = (0,2,20,94,316,882,2196, ...)
Therefore, the generating function of the sequence

Frr = 2(fn +m3) = (0,2,20,94,316,882,2196, ...) is
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gs(x) = Z fing1Xx™ = Z (0,2,20,94,316,882,2196, ... )x™
m=0 m=0

g3(x) = 2x + 20x2 4+ 94x3 + 316x* + 882x° + 2196x° + ---
Using method of differencing in generating function to get its close form, we have
g3(x) = 2x + 20x? + 94x3 + 316x* + 882x> + 2196x° + ---
—  xg3(x) = 2x% + 20x3 + 94x* + 316x5 + 882x° + -+
g3()[1 — x] = 2x + 18x2% + 74x3 + 222x* + 566x° + 1314x° + ---
93O [1 —x] = 2(x + 9x% + 37x + 111x* 4+ 283x° + 657x6 +---)  (4.4)
Let A =x+9x% 4+ 37x3 + 111x* + 283x° + 657x° + ---
—  xA=x%>4+9x3+37x* +111x° + 283x° + .-
All —x] = x + 8x2 + 28x3 + 74x* + 172x° + 374x% + ---  (4.5)
Let B = x + 8x? + 28x3 + 74x* + 172x° + 374x° + -+
—  xB=x?+8x3+28x* + 74x5 + 172x° + ---
B[1—x] =x+ 7x? + 20x3 + 46x* + 98x° + 202x° + --- (4.6)
Let C = x + 7x% + 20x3 + 46x* + 98x> + 202x° + ---
—  xC=x?+7x%+20x* + 46x> + 98x° + ---
C[1—x] =x+6x? + 13x3 4+ 26x* + 52x° + 104x°® + -

13x® (x+6x*)(1—2x) +13x°
(1-2x) (1 - 2x)

Cl1—x]=x+6x%+
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x —2x% 4+ 6x% —12x3 +13x3 _x3+4x2+x
(1-2x)  (1-2x)

Cl[1—x]=

X444
T (1-2x)1-x)

Substitute C = Chatrx (4.6) h
upostitute —(1_2x)(1_x) n .0), we nave

x3+4x% 4+ x

Bl-xl=a9pa—n

B x3 + 4x® + x
(1-2x)(1-x)2

, x3+4x?+x
Substitute B = A= 201 =x)? in (4.5),we have

x3 4 4x% +x
(1= 2x)(1 — x)?

All—x] =

x3+4x% 4+ x
(1= 20)(1 —x)3

, x3+4x2+x
Substitute A = A0 =27 in (4.4),we have

) _, x*+4x?+x ) 200 +4x® +x)  2x(x® +4x+ 1)
951 = x| = <(1 —20)(1 - x)3> T U-200-x32 (1-2x0)(1—-x)3
- _ 2x(x*+4x+1)
“9:) = T ona=ns

Thus, the generating function for f,,,1 = 2(f,;, + m3) forallm >0and f, =0 s
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2x(x% +4x + 1)
(1—20)(1—x)*

gs(x) =

4 fros1 = 2(fn+m*) forallm=0and f, =0
The sequence of

fne1 = 2(fin + m*) = (0,2, 36,234,980,3210,9012, ...)
Therefore, the generating function of the sequence

fnr = 2(fn +m*) = (0,2,36,234,980,3210,9012, ...) is
ga(x) = z oo™ = Z(o, 2,36,234,980,3210,9012, ... )x™
m=0 m=0

9a(x) = 2x + 36x% + 234x% + 980x* + 3210x° + 9012x6 + ---

Using method of differencing in generating function to get its close form, we have

ga(x) = 2x + 36x% + 234x3 + 980x* + 3210x° + 9012x° + ---
— xg4(x) = 2x% + 36x3 + 234x* + 980x> + 3210x° + ---

921 = x] = 2x + 34x?% + 198x3 + 746x* + 2230x5 + 5802x6 + ---
ga()[1 —x] = 2(x + 17x% + 99x3 + 373x* + 1115x° + 2901x° + --+) (4.7)
Let A=x+17x%> +99x3 + 373x* + 1115x> + 2901x° + ---
— xA=2x?+17x3+99x* + 373x° + 1115x° + ---
All —x] = x + 16x? + 82x3 + 274x* + 742x5 + 1786x° + -+ (4.8)

Let B = x + 16x2 + 82x3 + 274x* + 742x° + 1786x° + -
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—  xB=x?+16x3+ 82x* + 274x5 + 742x° + ---
B[1—x] = x + 15x2 + 66x3 + 192x* + 468x5 + 1044x° + ---  (4.9)
Let C = x + 15x2 + 66x3 + 192x* + 468x> + 1044x6 + -

— xC = x? + 15x3 + 66x* + 192x° + 468x° + -
C[1—x] =x+ 14x? + 51x3 + 126x* + 276x> + 576x° + -+ (4.10)
Let D = x + 14x? + 51x3 + 126x* + 276x> + 576x° + -+
- xD = x? + 14x3 + 51x* + 126x° + 276x° + -+
D[1—x] =x + 13x? + 37x3 + 75x* + 150x° + 300x° + ---

75x*  (x+13x% +37x%)(1 — 2x) + 75x*

D|1—x]| = 13x? 7x3 =
[1—x]=x+13x“+37x +(1—2x) =20

x — 2x% 4+ 13x% — 26x3 + 37x3 — 74x* + 75x* 3 x*+11x3 + 11x% + x

DIt =x]= (1—2%) - (1— 2x)

B x4+ 11x3 +11x%2 + x
1 -2x)(1-%)

Substitut D_x4+11x3+11x2+x n (410, we h
uostitute = (1_2x)(1_x) in . ,we nave

x4+ 11x3 + 11x% + x
1-2x)(1—-x)

Cl1—x]=

B x4+ 11x3 +11x% 4+ x
T (1=-2x)(1 —x)?

Cubstitut C_x4+11x3+11x2+x n (4.9),we h
ubstitute C = =200 —x7? in (4.9),we have
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x4+ 11x3 +11x%2 4+ x
(1= 2x0)(1 — x)?

B[1—-x] =

B x*+11x3 + 11x%2 + x
T (1-2x)(1-x)3

Substitut B_x4+11x3+11x2+x n (4.8),we h
uopstitute = (1_2x)(1_x)3 n .0), wWe nave

x4+ 11x3 +11x%2 4+ x

Al =2l =—a a0

B x4+ 11x3 +11x%2 4+ x
O (1=-20)1 -x)*

Substitut A_x4+11x3+11x2+x n (4.7),we h
ubstitute A = T—200 2" in (4.7),we have

. _5 x*+11x% + 11x% +x) - 2(x* + 11x% + 11x% + x)
941 —x] = ( (1-201-x)* >_ 1 -20(1—-x)*

_ 2x(11x° + 11x% + 11x + 1)
g4(x)[1 - x] - (1 _ 2X)(1 _ X)4

2x(11x3 + 11x2 + 11x + 1)
(1-2x)(1 —x)5

“~ ga(x) =

Thus, the generating function for f,,,.1 = 2(f,, + m*) forallm >0and f, =0 is

2x(11x3 + 11x% + 11x + 1)
(1—-2x)(1—x)°

ga(x) =
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fins1 = 2(fn + mF) {where fy = 0and m = 0,1,2,3,4, ...}

The sequence of

fn+1 = 2(fin + M)
={(2-0%),2(2-0% +1%),2(2- 1% + 2¥),2(4 - 1¥F + 2- 2*
+35),22(4- 1% +2- 2k + 3%) + 4%) + ..}
fmsr = {(21-0%),(22- 0% +2-1%), (22 - 1% + 2-2K), (23 - 1% + 22 - 2k + 2 3%), (2% - 1*
+23-2F 4223k +2.4K) + (25- 1% 4 2% -2k 4 23.3F + 22 .4k 4 2.5K)

_|_}

m-—1
fm+1 = z zm_jjk
j=1

Using method of differencing in generating function to get its close form, we have

2x[c ()]
(1—2x)(1 — x)k+1

gi(x) =

= The generating function for fy.1 = 2(f, + m*) forallm >0and f, = 0 is

2x[cp ()]
1—2x)(1 —x)k+1

gr(x) = (

where ¢, (x) is (k — 1) degree polynomial. We shall consider the nature of this polynomial in

our result discussion below.

4.1.1.1 DISCUSSION OF THE RESULT
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The polynomials formed at the numerators of each of the above illustrated generating functions
(i.e. from number 4.1.1 (1) to number 4.1.1 (4)) since the denominator has a clear pattern, can be

illustrated using the pyramid below
2x(1)
2x(x + 1)
2x(x? +4x + 1)
2x(x3 + 11x2 + 11x + 1)

The polynomials inside the brackets look exactly like Euler’s polynomials which can be gotten
from Euler’s number as we have illustrated in table 3.1 above. The only difference is the 2x in
front of each one or line. Therefore, we shall use Euler’s number formula to generalize the
technique for constructing the generating functions of the sequences of the form f,,,1 =
2(fm + mF) for allm = 0,k > 0 and f, = 0 since these polynomials look exactly like Euler’s

polynomial.

Thus, the generalized technique for constructing the generating functions of the sequences of the

form

fmi1 = 2(fn + mF) forallm =0,k >0and f, =0

2x[c (2] _ 2xYrZ5C(k,m)x"
(1-2x)(1—x)k+1 (1 —2x)(1 — x)k+?

gr(x) =

where C(k,n) is called Eulerian numbers and its formula is
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Clk,n) = Z(—l)i (k T 1) (n+1—1i)* as we stated in (3.1).

Now, let us test the efficiency of the above generalized technique by allowing k = 4,i.e. 41 =
2(f,, + m*). Thus, we obtain the generating functions for the sequence f,+1 = 2(f;n +
m*) for allm > 0 and f, = 0 using our generalized technique

2x $EZ4 C (e, m)x™
(1= 2x)(1 — x)k*1

g (x) =

Usually, we consider only the numerator because the denominator has a clear pattern, we have

4—-1 3
2x Z C(4,n)x™ = 2x Z C(4,n)x™ = 2x[C(4,0)x° + C(4,D)x* + C(4,2)x* + C(4,3)x3]

where C(4,0) = i(—ni (4JL_’ 1) 0+1—i)* = (=1)° (g) 0+1—-0)"=1()(1) =1

=0

C(41) = zl:(—ni (4Jl_r 1) (1+1-1i)*
i=0

= (-1)° (3) (1+1-0)*+ (1) (i) (1+1-1)*

=1(D)Q*+ (-DG)W)* =16+ (=5) =16 —5 = 11

~C(41) =11

2

C(42) = Z(—ni (417 1) 2+1—0)*

=0
= (-1)° ((5)) 2 +1-0)*+ (=) (‘;’) (2 +1—1)*+ (=1)? (;) 2+1—-2)*
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= (MO + HE@ + MHANM*
=81-80+10 =11

2 C(42) =11

C(4,3) = i(—ni (4J{ 1) B+1-10)*
i=0

= (=1)° ((5)) (B +1-0)*+ (=1)? (i) (B +1—1)*+ (1) (2) (B +1—-2)

+(~1)? (2) (3+1-3)*

=(MHO@®*+ DEE + MHAO@)* + (—H AN

=256 —-405+160—-10=416—-415=1

£ C(43) =1
4-1 3
o 2x Z C(4,n)x™ = 2x Z C(4,n)x™ = 2x[C(4,0)x° + C(4,D)x* + C(4,2)x* + C(4,3)x3]
n=0 n=0

= 2x[1x% + 11x1 + 11x2 + 1x3]
= 2x[1+ 11x + 11x% + x3]

Therefore, the generating functions for the sequence fi,i1 = 2(f + m*) forallm >

Oand f, =01s

) = 26 X520 Cle,m)x™  2x(1+ 11x + 11x% +x%)  2x(1 + 11x + 11x% + %)
G = A o -0kt - (A-200 -0+ (1-2x)(1-x)s

Hence, the generating function for the sequencefy .1 = 2(fn + m*) is
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2x(1+ 11x + 11x% + x3)
(1—-2x)(1—x)°

ga(x) =

This result is the same with the result we have in number 4.1.1 (4).

Similarly, the generalized technique for constructing the generating functions of the

sequences of the form
fmi1 =2(fm+ (m—1DF)forallm>=1,k>0and f; =0 is

2x? Yk ek, n)x™
(1—2x)(1 — x)k+1

gi(x) =

where C(k,n) is called Eulerian numbers and its formula is
n
k+1
C(k,n) = Z(—l)‘ ( ; ) (n+1 - i)k aswe stated in (3.1).
i=0

Now, we can use the above generalized technique to obtain the generating functions of f,,,, =
2(fin + (m — 1)*). Here, we observe that k = 4. Thus, we obtain the generating functions for

the sequence f41 = 2(fiy + (m—1)*) forallm >1and f; =0 using our generalized

technique

_ 2x2XRToClk,m)x"
9 ) = T @ =t

Usually, we consider only the numerator because the denominator has a clear pattern, we have

4-1 3

2x% Y C(4,n)x™ = 2x? Z C(4,n)x™ = 2x%[C(4,0)x° + C(4,1)x* + C(4,2)x? + C(4,3)x3]

n=0 n=0
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where C(4,0) = ZOZ(—ni (4 JL’ 1) 0+1—i)* = (=1)° ((5)) 0+1—-0)=1(D)(1) =1
i=0

C(41) = i(—ni (4J{ 1) (1+1-0)*
i=0

= (-1)° (3) (1+1-0)*+ (-1 (i) (1+1-1)*

= 1()Q*+ (-DG)M)* =16+ (=5) =16 —5 = 11

~C(41) =11

C(42) = i(—ni (4J{ 1) 2+1—i)*
i=0

= (=1)° ((5)) 2 +1-0)*+ (=1)! (i) 2 +1-1)*+ (=1)? (;) 2+1—-2)

=MHMOE*+ (-HEG@)*+ (MHANM*
=81-80+10=11

2 C(42) =11

C(43) = i(—ni (4JL_r 1) 3+1-1i)*
i=0

= (=1)° (g) (B +1—-0)*+ (=1t (i) B+1—1)*+ (=1)2 (;) (B+1-2)*

+(-1)3 (2) B+1-3)*

=M@+ EDHEE + (DA + (—1)(10)(1)*
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=256 —-405+160—-10=416—-415=1

~C(43)=1
4-1
2y ol
n=0

3
e Z C(4m)x™ = 2x2[C(4,0)x° + C(4,1)x" + C(4,2)x% + C(4,3)x°]

n=0
= 2x2[1x°% + 11x* + 11x2 + 1x3]
= 2x%[1+ 11x + 11x? + x3]

Therefore, the generating functions for the sequence f,.1 = 2(f;p + (m — 1*) for allm >

land f; =0is

o) = 262 XeZp Clk,m)x™  2x2(1 4 11x + 11x% +x3)  2x%(1 4 11x + 11x% + x%)
9 = A o —nkt - (1-200-n+ (1 -200-=x)5

Hence, the generating function for the sequencefy1 = 2(fm + (m — 1)*) for allm

>land f; =0is

2x%(1+ 11x + 11x2 + x3)
(1-2x)(1—x)5

ga(x) =
4.1.2 APPLICATIONS OF TECHNIQUE OF GENERATING FUNCTIONS IN SOLVING
SOME IMPORTANT PROBLEMS OF RECURRENCE RELATIONS

Example 4.1.2.1 Prove that the generating function

y = Zanx"

n=0
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based on Fibonacci sequence satisfies the ordinary differential equation

y"+by' +cy=oifandonlyif b=—-(n+2)andc=—-(n+ 1)(n + 2).

Proof
Lety = Z a,x"
nz=0
Then,y' = Z na,x""1 = Z na,x™ ! =Z(n + Dayqx™
n=0 n=1 n=0
y'" = Z nn—Da,x" 2% = Z(n + DM+ 2)apx™
nz2 n=0

(=) if:

ifb=—mMm+2)andc=—-(n+1)(n+ 2),then

y'+by' +cy=y"—-(n+2)y'—(n+1)(n+2)y

= Z(n +1)(n+ 2)a,,x™ — Z(n +1D)(n+2)a,1x™ — Z(n + 1D(n+ 2)a,x™

n=0 n=0 n=0

Z{(n DM+ 2y — (M4 D+ 2y — (1 + 1) (1 + 2)a,}x™

n=0

D {0+ DO+ Dlanss = (@nr + @)}

n=0

Z(n+1)(n+2)-0-x" since piy = Apyq +a, =0

n=0

So that
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y=) 0"

n=0

Satisfies the ordinary differential equation y" + by’ + cy = o

(<) only if:

Ify=2anx"

n=0

satisfies the ordinary differential equation y" + by’ + cy = o

theny" + by’ +cy =0 = Z[(n +1D(n+2)ap, +b(n+ 1Dayy +ca,]x™ =0

n=0

So that
m+1DMn+2)ays, +b(n+1)ayq +ca, =0.
But
(ntz = Apt1 t 0y
SO,
nm+1)n+2)(ap +a,) +b(n+1)ay,q +ca, =0
(m+1Dn+2)+b(n+D]ap +[(n+1)(n+2)+cla, =0
So(n+1)(n+2)+b(n+1)=0 and (n+1)(n+2)+c=0
Thus,b=—(n+2) and c=—-(n+1)(n+2)
Hence,

WWW.Cjps.coou.edu.ng Page | 77



http://www.cjps.coou.edu.ng/

~J COOU Journal of Physical Sciences 7 (1), 2024
CJPS

y = Z a,x" satisfies the ordinary dif ferential equation y” + by’ +cy =0

nz0
Onlyifb=—-Mn+2) and c=—-(n+1)(n+ 2).

Example 4.1.2.2 Show that the generating function G (x) of the (generating) function

gx) = Z nx"

n=0

is the original (generating) function

o= e

nz0

Proof

gx) = an” = ann = Z(n + 1)xn+!

n=0 nx1 n=0

g'(x) = Z n?x"l = Z(n + 1)2x™

n=0 n=0

g'(x) = Z(n + 1)?nx™"1 = z n(n+ 1)2x" 1 = Z(n + 1D(n + 2)*x"

nz0 nx1 n=0

g'"'x) = Z n(n+ 1)(n+2)2x"1 = Z(n + 1) (n+2)(n+ 3)%x™

n=0 n=0

g(x) = Z(n + D +2)(n+3)(n+4)%x"

n=0
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g (x) = Z n(n + j)(n + )%™

nz0 j=1
g0 =r-7!
™ (0 n-n!
G(x)=zg n'( )x”=z — x”=2nxn=g(x)
n=0 ' n=0 n=0

Example 4.1.2.3 Let {g,,} and {b,,} be any sequence with the property that g,, is the finite
difference of b,,. Show that g,, = b,.1 — 2b,, for all n > 0 using technique of generating

functions.

Proof

Let g, = Aby = byyq — by forallk =0

S bryr = gk + by
Z (1) b = Z (1) 9 + Z (1) brx”
=0 = P
n+1 n n 0 n .
Z (k — 1) bix® = Z (k) gix* + Z (k) byx"
k=1 prr e,
n+1 n+1 n n n n n
Z [( k ) - (k)] bex* = Z (k) gix* + (k) byx"
k=1 P e
n+1 — n+1 n n n n
Z ( k ) e = z (k) bix' = Z (k) gux* + Z (k) byx®
=1 - £ L
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;( " ) kxk—;(k)bkxk =kzzo(k)gkxk+k=0(k)bkxk

,Z:;)( " )bkxk = ;(k)gkxk + 2;(k) by x*

bpy1 = gn + 2b,
& Gn = bpy1 — 2by proved.

4.2 CONCLUSION

Generating functions allows us to solve many complicated counting problems with very little
effort. It allows us to solve problems of sequence with the method we used while solving
problems in algebra. Generating functions provide a bridge between continuous and discrete
mathematics. Thus, when given power series to handle, we treat the power series in algebraic
way where we have no concern whether the series converges or not. In this paper, we shall
developed generalized techniques for constructing the generating functions of sequences of the
form fpe1 = 2(f, + m*) forallm > 0,k > 0 and f, = 0 using method of differencing in
generating function. Also, we shall apply the technique of generating functions in solving some
important problems of recurrence relations.

4.3 RECOMMENDATION

Further research should be done on the generating functions of polylogarithmic functions and
zeta functions.
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