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ABSTRACT 

Let 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0 be a general quartic equation in one variable. In line with 

contributions of several researcher in proffering various methods of solution to the general 

quartic equation, we wish to present yet another alternative method of solution to the general 

cubic which is quit novel.  

 

Keywords: Quartic equation, Cubic equation, resolvent equation. Auxiliary equation, seeking 

solution. 

 

1. INTRODUCTION  

The subject of solution to polynomial equation can be traced back to the fifteen century 

mathematician in this field of study. However, literature indicates that polynomial equations 

have been investigated for centuries and it is still ongoing Okoli (2017). Linear and quadratic 

polynomial equations were solved in the fifteenth centuries while that of cubic and quartic 

polynomial equations were comprehensively solved in the sixteenth centuries.  

Cubic equation was known since the ancient times, even by the ancient Greeks and the 

ancient Babylonians and also the ancient Egyptians, who dealt with the problem of doubling 

the cubic.In the 11th century, the famous Mathematician Omar Khayyam discovered a 

geometrical method to solve cubic equation which could be used to get numerical answer by 

intersecting a parabola with a circle, and by using this method he found cubic equation can 

have more than one solution. He could not find algebraic formula for the general but he could 

only solve cubic equation geometrically. 

In 1515 Scipione del Ferro discovered a formula that solved the so called “depressed 

cubic”. Instead of publishing his solution, Del Ferro kept it a secret until his deathbed telling 

his student Antonio Fior. Niccolo Fotana known as Tartaglia (1500-1557) wins a 

mathematical contest by solving many different cubic, and gives his method to Cardan.1539. 

Girolamo Cardan (1501-1576) gives complete solution of cubic in his book, The Great Art, or 

the Rules of Algebra. In that book the Ars magma, Cardano (1545) introduced the technique 

of substitution by Ludovico Ferrari (1522-1565) that not only solved the cubic and quartic but 

became indispensable in polynomial algebra.    

Since then, several other alternative (analytic) methods for the solution of quartic 

equation has been proposed by some authors in the literature . As a way of contribution to the 

existing methods, In this paper we present yet another alternative approach to the solution of a 

general quartic equation. 
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2. METHODOLOGY 

In this section we shall define some important terms as will be needed in the presentation of 

this work. Let  be the set of natural numbers and 𝐷 the set of real/complex numbers. Then 

for any given 𝑛 ∈ ℕ, a function 𝑓𝑛: 𝐷 ⟶D  is said to be a polynomial of degree 𝑛 if there 

exists a constant 𝑎𝑗(𝑗 = 0 ,1,2, … , 𝑛) such that 𝑓 is given by 

𝑓𝑛(𝑥) =∑𝑎𝑛−𝑗𝑥
𝑛−𝑗

𝑛

𝑗=0

; 𝑎𝑛 ≠ 0 − − − −−−(1.1) 

Equation (1.1) is said to be Depressed if 𝑎𝑛−1 = 0, Monic if 𝑎𝑛 = 1 and Quartic if 𝑛 = 4. So 

that  

𝑓4(𝑥) =∑𝑎4−𝑗𝑥
4−𝑗

4

𝑗=0

= 𝑎3𝑥
3 + 𝑎2𝑥

2 + 𝑎1𝑥 + 𝑎0;  𝑎3 ≠ 0 − − − −(1.2) 

We seek for the solution 𝑥 such that 

𝑓4(𝑥) = 0; ⇒ 𝑎4𝑥
4 + 𝑎3𝑥

3 + 𝑎2𝑥
2 + 𝑎1𝑥 + 𝑎0 = 0; 𝑎3 ≠ 0 − − − −(1.3) 

,  

then such 𝑥 is called the root (zero) of 𝑓4. For simplicity, we shall henceforth write equation 

(1.3) as  

𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0 − − − −(1.4) 
Divide (1.4) through by 𝑎 and substitute 

𝑥 = 𝑦 −
𝑏

4𝑎
 − − − −(1.5) 

we obtain 

𝑦4 + 𝑝𝑦2 + 𝑞𝑦 + 𝑟 = 0 − − − −(1.6) 

a depressed quartic equation of (1.4). where 𝑝 = (
𝑐

𝑎
−

3𝑏2

8𝑎2
),  𝑞 = (

𝑑

𝑎
−

𝑏𝑐

2𝑎2
+

𝑏3

8𝑎3
) and 

𝑟 = (
𝑒

𝑎
−

𝑏𝑑

4𝑎2
+

𝑏2𝑐

16𝑎3
−

3𝑏4

256𝑎4
). 

In order to solve equation (1.4), consequently without loss of generality (1.6), it is most 

common to seek for zero solution to certain auxiliary function 𝑔(𝑦; . ) (with a number of 

undetermined parameters) which we refer to as ‘seeking solution’ to the depressed quartic 

equation (1.6). In turn we obtain at least a solution to the quartic equation provided we 

determine these parameters appropriately.   

Kulkarni (2006), solved the quartic equation by seeking for the zero solution of the auxiliary 

function 

𝑔(𝑥; 𝑏0, 𝑐0, 𝑝) =
(𝑥2 + 𝑏1𝑥 + 𝑏0)

2 − 𝑝2(𝑥2 + 𝑐1𝑥 − 𝑐0)
2

1 − 𝑝2
−−−−(1.7) 

where 𝑏1, 𝑏0, 𝑐1, 𝑐0and 𝑝 are four unknown parameters to be determine. However, one 

weakness with this approach is that there are more unknown to be determine than the 

available equation, hence one need to worry on the particular unknown to be eliminated as 

remarked by Kulkarni (2006, pg.13) and I quote 

         “Since there are five unknowns (𝑏1, 𝑏0, 𝑐1, 𝑐0and 𝑝) but only four equations to solve, we 

assign some convenient value to one unknown, so that all the unknowns can be determined.  

Let us make 𝑐1 = 0… ” 

However the method of determining or assigning of this convenient value to one 

unknown again remains unknown, hence it is a matter to worry about.Also, Kulkarni (2009) 

solved the general quartic equation by considering the zero solution of the auxiliary function 

𝑔(𝑥; 𝑏1, 𝑏0, 𝑐0) = (𝑥
2 + 𝑏1𝑥 + 𝑏0)

2 − 𝑝(𝑥 + 𝑐𝑜)
2 −−−−(1.8) 
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where 𝑏1, 𝑏0, 𝑐0and 𝑝 are unknown parameters to be determine. However, there was a minor 

typographical error associated with one of the equations which was later corrected by Kenneth 

(2011). 

Again, Fathi et al (2012) solved the general quartic equation by considering the zero solution 

of an auxiliary function with fewer number of undetermined (unknown) parameters 

𝑔(𝑦; , 𝑏0, 𝑑0) = (𝑦2 + 𝑏0)
2 − (𝑦 + 𝑑𝑜)

2 −−−−(1.9) 
where 𝑏0and 𝑑0 are unknown parameters to be determine.  

It is in fact worthwhile to mention that, the fewer the unknown parameter the better the 

approach, hence the need for the choice of parameter(s) to be eliminated does not arise and 

also if this number of unknown parameter become too few, one runs into the problem of 

reintroduce additional equation (variable changes) in order to uniquely determine the solution 

and which may lead to further complexity of solution to the problem, which is the case of 

Fathi et al (2012, pg. 332-333). 

Also, we most point out that Fathi et al (2013), in order to mimic the formula propose by 

Cardan’s for the (seeking) solution of cubic equation which is given by 

𝑥 = √𝑈
3

+ √𝑉
3

−−− −(1.10𝑎) 
where 𝑈 = 𝑢3 and 𝑉 = 𝑣3,  

they proposed the corresponding (seeking) solution for quartic equation as such   

𝑥 = √𝑁1
4 + √𝑁2

4 + √𝑁3
4 − −−−(1.10𝑏) 

where 𝑁1 = 𝑢
4 , 𝑁2 = 𝑣4 and 𝑁3 = 𝑠

4. 

Unfortunately, (probably unaware by Fathi et al) the proposed equation (1,10𝑏) is a mere 

repetition of the exact equation used by Euler as far back as in the year 1733.  

Euler proceeded to conjectured that similar formulas existed for higher degrees too, and in 

particular that the roots of a fifth degree equation could be found as 

𝑥 = √𝐴
5

+ √𝐵
5

+ √𝐶
5

+ √𝐷
5

− −−−(1.10𝑐) 
where 𝐴, 𝐵, 𝐶, 𝐷were the roots of some fourth degree resolvent; however, he could not find 

such a resolvent. Of course, it is believed that Euler’s conjecture cannot hold, going by the 

fact that 100 years later it was proved by Abel and Galois that in general there is no solution 

by radicals for a fifth degree equation. For more on this, the reader may wish to consult Euler 

(1773), Euler (1770), Bell (2008) and Sangwin (2006), 

At this juncture, we are set to introduce our approach in the theorem that follows in the next 

section of this work by defining a suitable auxiliary function with probably an ideal number of 

unknown that determine the solution to the problem uniquely without issue of introducing any 

variable into the depressed quartic equation as in the case of Fathi et al (2012) nor assigning 

any convenient value to (eliminate) any of the unknown parameters as in the case of Kulkarni 

(2006). For the geometric outlook of solution to quartic equation, one may wish to see 

Nickalls (1993). 

 

3. MAIN RESULT 

In this section we shall introduce yet another auxiliary function approach to the solution of the 

general quartic equation (1.5) via equation (1.4). The result of this research work is stated in 

the theorem that follows. 

Theorem 3.1 

Given the general quartic equation 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0 , there exist 𝑢, 𝑣, 𝑤 an 

undetermined parameters such that the zero solution to the auxiliary function 𝑔(𝑦; 𝑢, 𝑣, 𝑤) =

(𝑣𝑦 + 𝑤)2 − (𝑦2 + 𝑢)2 solves the given quartic equation. Where 𝑥 = 𝑦 −
𝑏

4𝑎
 . 
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Proof 

Observe that         𝑔(𝑦; 𝑢, 𝑣, 𝑤) = 0;  
⟹ (𝑣𝑦 + 𝑤)2 − (𝑦2 + 𝑢)2 = 0 − − − −(1.11) 

⟹ (𝑦2 + 𝑢)2 = (𝑣𝑦 + 𝑤)2;  ⟹ 𝑦2 + 𝑢 = ±(𝑣𝑦 + 𝑤); 
⟹ 𝑦2 + 𝑢 = (𝑣𝑦 + 𝑤) or 𝑦2 + 𝑢 = −(𝑣𝑦 + 𝑤); 
⟹ 𝑦2 − 𝑣𝑦 + (𝑢 − 𝑤) = 0  or  𝑦2 + 𝑣𝑦 + (𝑢 + 𝑤) = 0; 

⟹ 𝑦1 =
𝑣 − √𝑣2 − 4(𝑢 − 𝑤)

2
𝑜𝑟𝑦2 =

𝑣 + √𝑣2 − 4(𝑢 − 𝑤)

2
 − − − (1.12𝑎) 

⟹  𝑦3 =
−𝑣 − √𝑣2 − 4(𝑢 + 𝑤)

2
𝑜𝑟𝑦4 =

−𝑣 + √𝑣2 − 4(𝑢 + 𝑤)

2
 − − − (1.12𝑏) 

Constitute the seeking solution to the quartic equation (1.6). Now expanding eq(1.11) we 

obtain 

𝑦4 + (2𝑢 − 𝑣2)𝑦2 − 2𝑤𝑣𝑦 + 𝑢2 − 𝑤2 = 0 −− − −(1.13) 
Now, comparing the coefficients in the two equations (1.6) and (1.13) we obtained 

𝑝 = (2𝑢 − 𝑣2) ⇒ 𝑢 =
𝑝 + 𝑣2

2
− − − −(1.13) 

𝑞 = −2𝑤𝑣 ⇒ 𝑤 =
−𝑞

2𝑣
− − − −(1.14) 

𝑟 = (𝑢2 − 𝑤2) ⇒ 𝑟 = (
𝑝 + 𝑣2

2
)

2

− (
−𝑞

2𝑣
)
2

−−−−(1.15) 

We expand (1.15) to have  

𝑣6 + 2𝑝𝑣4 + (𝑝2 − 4𝑟)𝑣2 − 𝑞2 = 0 − − − (1.17) 
Which is the resolvent equation associated with the quartic equation 

Let 

𝑣2 = 𝑧 − − − (1.18) 
Then by substituting into (1.17) we have 

𝑧3 + 2𝑝𝑧2 + (𝑝2 − 4𝑟)𝑧 − 𝑞2 = 0 

Thus, using any standard method for solving cubic equation we obtain at least one solution in 

𝑧, consequently 𝑣 using the relating equation (1.18). 

Now, recall from (1.13) and (1.14) that 𝑢 =
𝑝+𝑣2

2
 and 𝑤 =

−𝑞

2𝑣
 which implies that 

𝑢 + 𝑤 =
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
𝑎𝑛𝑑𝑢 − 𝑤 =

𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
 

Then the above seeking solution to (1.6) becomes 

𝑦1 =
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
𝑜𝑟𝑦2 =

𝑣

2
+ √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
 

𝑦3 = −
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
𝑜𝑟𝑦4 = −

𝑣

2
+ √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
 

Consequently the solution to (1.4) becomes 

𝑥1 =
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
−
𝑏

4𝑎
𝑜𝑟𝑥2 =

𝑣

2
+ √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
 −

𝑏

4𝑎
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𝑥3 = −
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
−
𝑏

4𝑎
𝑜𝑟𝑥4 = −

𝑣

2
+ √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
 −

𝑏

4𝑎
 

This completes the proof. 

Examplefind the roots of    𝑥4 + 4𝑥3 + 33𝑥2 + (58 − 14𝑖)𝑥 + (148 − 14𝑖) = 0 

Solution  

Reduce above equation into depressed quartic equation by substituting 𝑥 = 𝑦 −
𝑏

4𝑎
⇒ 𝑥 = 𝑦 −

4

4×1
⇒ 𝑥 = 𝑦 − 1 to obtain  

𝑦4 + 27𝑦2 − 14𝑖𝑦 + 120 = 0 

Using resolvent cubic equation; that is 

𝑧3 + 2𝑧2𝑝 + (𝑝2 − 4𝑟)𝑧 − 𝑞2 = 0  
where 𝑝 = 27, 𝑞 = −14𝑖, 𝑟 = 120 substitute this values we have 

𝑧3 + 54𝑧2 + 249𝑧 + 196 = 0 

We can use any standard method to obtain the first root of the resolvent cubic equation, hence 

we see that 𝑧 = −1 is one of such root. Since 𝑣2 = 𝑧 ⇒ 𝑣 = ±𝑖. 
Using 𝑣 = 𝑖, 𝑎 = 1 , 𝑏 = 4, 𝑝 = 27, 𝑞 = −14𝑖 we see that the roots of the equation are 

𝑥1 =
−𝑏

4𝑎
+
𝑣

2
+√

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
=
−4

4
+
𝑖

2
+ √

𝑖2

4
−
𝑖(𝑖2 + 27) + (−14𝑖)

2𝑖
 = −1 + 3𝑖 

𝑥2 =
−𝑏

4𝑎
+
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
=
−4

4
+
𝑖

2
− √

𝑖2

4
−
𝑖(𝑖2 + 27) + (−14𝑖)

2𝑖
 = −1 − 2𝑖 

𝑥3 =
−𝑏

4𝑎
−
𝑣

2
+ √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
=
−4

4
−
𝑖

2
+ √

𝑖2

4
−
𝑖(𝑖2 + 27) − (−14𝑖)

2𝑖
 = −1 + 4𝑖 

𝑥4 =
−𝑏

4𝑎
−
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
=
−4

4
−
𝑖

2
− √

𝑖2

4
−
𝑖(𝑖2 + 27) − (−14𝑖)

2𝑖
 = −1 − 5𝑖 

 

Note that if we use 𝑣 = −𝑖 we obtain the same values for the roots 𝑥𝑗  (𝑗 = 1,2,3,4) above. 

Example  find the roots of 𝑦4 − 𝑦2 + 2𝑦 + 2 = 0 

Solution Since the equation is a depressed quartic equation we solve using resolvent cubic 

equation that is 

𝑧3 + 2𝑧2𝑝 + (𝑝2 − 4𝑟)𝑧 − 𝑞2 = 0 

Observe that 𝑝 = −1, 𝑞 = 2, 𝑟 = 2, Substituting this values we have 

𝑧3 − 2𝑧2 − 7𝑧 − 4 = 0 

We can use any standard method to obtain the first root of the resolvent cubic equation, hence 

we see that 𝑧 = 4 is one of such root. Since 𝑣2 = 𝑧 ⇒ 𝑣 = ±2. 

Using 𝑣 = 2, 𝑎 = 1 , 𝑏 = 0, 𝑝 = −1, 𝑞 = 2,  then we observe the roots are 

𝑥1 =
−𝑏

4𝑎
+
𝑣

2
+ √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
=
0

4
+
2

2
+ √

22

4
−
2(22 − 1) + 2

2 × 2
 = 1 + 𝑖 

𝑥2 =
−𝑏

4𝑎
+
𝑣

2
− √

𝑣2

4
−
𝑣(𝑣2 + 𝑝) + 𝑞

2𝑣
=
0

4
+
2

2
− √

22

4
−
2(22 − 1) + 2

2 × 2
 = 1 − 𝑖 
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𝑥3 =
−𝑏

4𝑎
−
𝑣

2
+√

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
=
0

4
−
2

2
+ √

22

4
−
2(22 − 1) − 2

2 × 2
 = −1 

𝑥4 =
−𝑏

4𝑎
−
𝑣

2
−√

𝑣2

4
−
𝑣(𝑣2 + 𝑝) − 𝑞

2𝑣
=
0

4
−
2

2
+ √

22

4
−
2(22 − 1) − 2

2 × 2
= −1 

 

4. CONCLUSION 

So far we have demonstrated with telling examples the validity and simplicity of our result 

and method when compared with the methods employed by some authors in the literature.  
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